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Abstract
Let X be a Kaehler manifold with complex dimension n. Let ωX be its Kaehler form. Let M be a strongly
pseudo convex real hypersurface in X. For this hypersurface, the deformation theory of CR structures is suc-
cessfully developed. And we find that H 1(M,T ′) (the T ′-valued Kohn–Rossi cohomology) is the Zariski
tangent space of the versal family. In this paper, the geometrical meaning of H 1(M,O) is studied, and we
propose to study displacements of the real hypersurface, which preserves the type of the differential form,
ωX , over CR structures, on M , infinitesimally.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
In the conformal field theory, if X is a Calabi–Yau manifold, the algebra⊕
p,q
Hp
(
X,∧q(T ′X)),
where T ′X means the holomorphic tangent bundle, is believed to be important in deformations
(not only deformations of complex structures). If p = 1, q = 1, H 1(X,T ′X) is the infinitesimal
deformations of complex structures. And the other Hp(X,∧q(T ′X)) has been studied, but its
geometry is still not so clear. While in compact strongly pseudo convex CR manifolds, in our
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modulo the Kuranishi equivalence. The purpose of this paper is to show that H 1(M,O) has also
its geometrical meaning.
Let X be a Kaehler manifold with complex dimension n. Let ωX be its Kaehler form. Let
M be a real hypersurface, which is strongly pseudo convex, in X. We study the Hamiltonian
dynamics over this real hypersurface. Obviously, the real hypersurface is a coisotropic subman-
ifold of X. And for the deformation theory of coisotropic submanifolds, a quite important work
is done by [5]. Namely, if (X,ωX) is a given simplectic manifold and Y is a coisotropic subman-
ifold of X, then there is a formal versal family of coisotropic submanifolds, which is modulo
Hamiltonian equivalence. While its Zariski tangent space is always infinite-dimensional, if Y is
not a Lagrangian submanifold. Here, in order to try to obtain a finite-dimensional versal family,
we propose a new setting of the deformation theory of Hamiltonian structures over real hyper-
surfaces in a Kaehler manifold. The idea is as follows. For a real hypersurface in a complex
manifold, naturally, we have a CR structure (M, 0T ′′). By restricting ωX to 0T ′′ + 0T ′ on M , we
have a canonical form, ωX|0T ′′+0T ′ on M . Related to the Levi-metric, this form seems important.
In order to eliminate ambiguities, caused by CR structures, we would like to impose that the
our displacements does not change the type of the differential form, ωX|0T ′′+0T ′ , infinitesimally,
on M (for the definition, see Definition 4.1 in this paper). It seems that this condition might
not imply that: our CR structure is preserved. With this in mind, we consider displacements of
real hypersurfaces, which preserve the type of the differential form, ωX|0T ′′+0T ′ modulo complex
Hamiltonian equivalence (for the definition, see Definition 4.2 below). We see that the tangent
space of this moduli space is finite-dimensional (the tangent space is expressed by the Kohn–
Rossi cohomology, H 1(M,O)).
2. Characteristic foliation and CR structure over real hypersurfaces in a complex
manifold
Let (X,ωX) be a symplectic manifold with real dimension 2n. And let Y be a submanifold
of X. For Y , a characteristic foliation (T Y )ωX , a subvector bundle of the tangent bundle TX|Y ,
restricted to Y , is introduced by: for p ∈ Y ,
(T Y )ωXp =
{
W, W ∈ TpX, ωX(W ′,W) = 0 for W ′ ∈ TpY
}
.
Since ωX is nondegenerate, (T Y )ωX is a subbundle of TX|Y . Y is called a coisotropic submani-
fold if and only if
(T Y )ωX ⊂ T Y. (2.1)
On the other hand, for a submanifold in a complex manifold, a CR structure is naturally induced.
For general submanifolds, we can discuss CR structures. However, in this paper, we restrict
ourselves to the case real hypersurface, which is studied in the point of view of the deformation
theory of CR structures (see [1,2]). As is well known, the real hypersurface is always a coisotropic
submanifold. So, we can ignore (2.1). Now we assume that our symplectic manifold (X,ωX) is
a complex Kaehler manifold and our real hypersurface M is smooth and compact. In this case,
we have a CR structure (M, 0T ′′) over M , induced from the complex manifold X. Here 0T ′′ is a
complex subvector bundle of the complexified tangent bundle C ⊗ TM , defined by
0T ′′ = C ⊗ TM ∩ T ′′X.
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[Γ (M, 0T ′′),Γ (M, 0T ′′)] ⊂ Γ (M, 0T ′′).
Here 0T ′ = 0T ′′. For this CR structure, we recall some elementary results. Let r = 0 be the
defining equation of M in X. We set a real one form on M by
θ = i∂r.
By using this real one form, we can introduce the notion of strongly pseudo convex CR manifolds
as follows.
Definition 2.1.
dθ(W1,W 2), for W1,W2 ∈ 0T ′,
is positive definite or negative definite, then our CR structure (M, 0T ′′) is called strongly pseudo
convex.
Henceforth, we assume that our CR structure is strongly pseudo convex. In this case, as a
supplement real vector field to 0T ′ + 0T ′′, we can adapt ξ , which generates the characteristic
foliation (TM)ωX . Set a complex n-dimensional vector bundle T ′ by
T ′ := 0T ′ + C ⊗ ξ,
where C ⊗ ξ means the complex line bundle, generated by ξ . We should explain the geometrical
meaning of this vector bundle T ′. By the definition of T ′,
T ′ ⊂ C ⊗ TM ⊂ C ⊗ TX|M.
Consider the composition of this inclusion: T ′ ⊂ C ⊗ TX|M and the projection of C ⊗ TX
to T ′X, which consists of type (1,0) vectors. Then by considering the dimension of vector bun-
dles, the composition of these maps from T ′ to T ′X|M induces an isomorphism map
T ′  T ′X|M.
So, our T ′ is a substitute for the holomorphic tangent bundle T ′X|M . By this identification, the
supplement vector field ξ can be lifted
ξ˜ ∈ T ′X|M. (2.2)
We fix the C∞ vector bundle decompositions:
C ⊗ TM = 0T ′′ + T ′, (C ⊗ TM)∗ = (T ′)∗ + (0T ′′)∗.
The Kohn–Rossi cohomology is introduced as follows. For u in Γ (M,C), we set ∂bu in
Γ (M, (0T ′′)∗) by
∂bu(W) = Wu, for W ∈ 0T ′.
And like the case for ordinary differential forms, we set
∂
(p)
b :Γ
(
M,∧p(0T ′′)∗)→ Γ (M,∧p+1(0T ′′)∗).
Because of the integrability condition of our CR structure, we obtain a differential complex
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The Kohn–Rossi cohomology is defined by
Hp(M,O) := Ker ∂
(p)
b
Im ∂(p−1)b
.
We note that because of strongly pseudo convexity, if 1 p  n − 2, then
dimC Hp(M,O) < +∞.
3. Displacements of real hypersurfaces
Let Y be a submanifold of X. The Kodaira–Spencer’s deformation theory of displacements of
Y in X is valid in the real C∞ category, even though our manifold is a real manifold. Consider
the following vector bundle sequence:
0 → T Y inclusion−−−−−→ TX|Y → NY/X → 0. (3.1)
Here T Y means the real tangent bundle of Y , and TX|Y means the real tangent bundle of X,
restricted to Y . The Zariski tangent space of the versal family is parametrized by Γ (Y,NY/X). In
our case, we treat the real hypersurface case Y = M . By the Kodaira–Spencer’s theory, the versal
family of displacements of M is parametrized by Γ (M,NM/X). For this, we fix the C∞ vector
bundle decomposition as follows:
TX|M = Re
(0T ′′ + 0T ′)+ R ⊗ ξ + R ⊗ iξ, (3.2)
where iξ means the vector field defined by ωX(ξ, iξ) = 1, ωX(W, iξ) = 0, for any W ∈
Re(0T ′′ + 0T ′), and R ⊗ ξ (respectively R ⊗ iξ ) means the real line bundle generated by ξ
(respectively iξ ). For ζ ∈ Γ (M,NM/X), by (3.2), we express ζ by an element of Γ (M,R ⊗ iξ).
And with adding a proper element of Γ (M,C ⊗ ξ) (here Γ (M,C ⊗ ξ) means the complexifi-
cation of the real vector space Γ (M,R ⊗ ξ)), we, uniquely, determine ζ˜ ∈ Γ (M,T ′X|M). By
using this ζ˜ , we introduce C∞ diffeomorphism map of a neighborhood of M into X. For this,
we take a tubular neighborhood of M , U . And we fix the C∞ diffeomorphic identification i,
i: M × (−, )  U ⊂ X,
where i(M×0) = M . By using this identification, we consider ζ˜ as an element of Γ (U,C⊗T U)
(on U , our ζ˜ may not be of type (1,0), but at least, on M , ζ˜ is surely of type (1,0)). Consider
the one parameter group ftζ˜ , generated by ζ˜ + ζ˜ , defined on a neighborhood of M in X. On M ,
as our ζ˜ takes its value in T ′X|M , so in complex coordinates, this map is expressed by
zi → ftζ˜ i = zi + t (ζ˜ + ζ˜ )zi + O
(
t2
)= zi + t ζ˜ zi + O(t2) on M.
Henceforth, we abbreviate ftζ˜ to ftζ .
4. One parameter diffeomorphism map, preserving ωX|0T ′′+0T ′
Let ζ ∈ Γ (M,NM/X). As mentioned in Section 3, we have a one parameter family of dis-
placements, ftζ :M → X. We give the notion of one parameter family which preserves the type
of the differential form, ωX over CR structure, infinitesimally.
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∂
∂t
f ∗tζ ωX(W 1,W 2)
∣∣∣
t=0 = 0, for any W1,W2 ∈
0T ′ on M,
then ftζ is called one parameter family, preserving the type of the differential form of ωX over
CR structures, infinitesimally.
We note that as ωX is a real (1,1) form, this definition is equivalent to
∂
∂t
f ∗tζ ωX(W1,W2)
∣∣∣
t=0 = 0, for any W1,W2 ∈
0T ′ on M.
For any ζ ∈ Γ (M,NM/X),
f ∗tζ ωX = ωX + (Lζ˜+ζ˜ ωX)t + O
(
t2
)
,
where L means the Lie derivation. By the definition of the Lie derivation, we have
Theorem 4.1. Let ζ be an element of Γ (M,NM/X). Then, if our ftζ is one parameter family,
preserving the type of differential forms of ωX|0T ′′+0T ′ on M , infinitesimally,(
d(ζ˜ωX)
)
(W 1,W 2) = 0, for W1,W2 ∈ 0T ′ on M,
holds (this is nothing but ∂(1)b (ζ˜ωX) = 0). Here ζ˜ is defined as in Section 3.
Proof. By the definition of Lie derivation,
L
ζ˜+ζ˜ ωX = d
(
(ζ˜ + ζ˜ )ωX
)
.
As ωX is (1,1) form, this implies(
d(ζ˜ωX)
)
(W 1,W 2) = 0, for W1,W2 ∈ 0T ′.
So it completes the proof. 
Now we introduce the notion of the complex Hamiltonian vector field Xg˜ for any complex
valued function g˜ (we note that this vector field plays an important role in writing down the
Kohn–Rossi cohomology for the deformation of hypersurface isolated singularities) [4].
Definition 4.2. For a complex function g˜ on X, a vector field Xg˜ of the type (1,0) is called
a complex Hamiltonian vector field, if Xg˜ satisfies
ωX(Xg˜,W) = ∂g˜(W), for any W ∈ T ′X.
Then, immediately, we have
Proposition 4.2. Our complex Hamiltonian vector field Xg˜ generates one parameter family,
preserving the type of differential forms of ωX over CR structures on M .
Proof. It suffices to show
d
(
(Xg˜ + Xg˜)ωX
)
(W 1,W 2) = 0 on M for W1,W2 ∈ T ′X.
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d(Xg˜ωX)(W 1,W 2) = 0, for W1,W2 ∈ T ′X.
In fact,
d(Xg˜ωX)(W 1,W 2) = ∂(Xg˜ωX)(W 1,W 2) = ∂∂g˜ = 0. 
5. Moduli
In Section 4, it is proved that if ζ ∈ Γ (M,NM/X) induces one parameter group which pre-
serves the type of differential form, ωX over CR structures on M , by regarding ζ˜ωX as an
element of Γ (M, (0T ′′)∗), we have a ∂b-closed form
∂
(1)
b (ζ˜ωX) = 0.
We see the case: this form is the ∂b-boundary case.
Theorem 5.1. If our ζ˜ωX is ∂b-boundary, then there is a complex valued function g˜ on a neigh-
borhood of M , at every point of M ,
ζ˜ = Xg˜, a complex Hamiltonian vector field.
Proof. Since ζ˜ωX is ∂b-boundary, there is a complex valued function g on M satisfying
(ζ˜ωX)(W) = ∂bg(W) on M for W ∈ 0T ′. (5.1)
We have to extend g to a function g˜ on a neighborhood of M satisfying
ζ˜ωX = ∂g˜, for any element of T ′′X|M on M. (5.2)
By (5.1), 0T ′′-directions is already OK. For the normal direction, we use the extension of supple-
ment vector field ξ , ξ˜ (see (2.2)) of Γ (M,T ′X|M). Namely, (5.2) is completed if the following
holds:
(ζ˜ωX)(ξ˜ ) = ∂g˜(ξ˜ ) on M.
While
ξ˜ = a ∂
∂r
+ (tangential derivation to M),
where r = 0 is the defining equation of M , and a does not vanish at any point of M (we recall
ξ is a supplement vector field). So, this is a problem of ordinary differential equations (we only
need to solve on M). In fact, for any positive integer k, there is a extension g˜k of g, satisfying
j (k)
(
(ζ˜ωX)(ξ˜ )
)= j (k)(∂g˜k(ξ˜ )) on M,
where j (k) means the k-jets. Hence, we have
ζ˜ = Xg˜ on M. 
Hence the Kohn–Rossi cohomology, H 1(M,O), can be regarded as the tangent space for
our deformation theory of Hamiltonian mechanics, preserving the type of the differential form,
ωX over CR structures, infinitesimally, on M .
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